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The growth of Scenedesmus obliquus in photobioreactors was both experimentally investigated and numerically simu-
lated by solving a population balance equation (PBE), accounting for cell growth and division. The PBE is solved using
the Finite size domain Complete set of trial functions Method Of Moments (FCMOM) and a wide range of operative
conditions, namely both a batch and a continuous reactor under different light intensities, were considered in the
experiments and in the numerical simulations. A thorough validation of the mathematical model was performed by com-
paring the experimental temporal profiles and steady-state values of the cell density, wet weight, cell average mass, and
mass distributions of the microalgal culture with the corresponding simulation results. The parameters of the distribu-
tion of division mass were identified to fit the experimental data; specifically, from the continuous reactor data, the
dependence of the mean division mass from the cell average mass was obtained. VC 2015 American Institute of Chemical

Engineers AIChE J, 61: 2702–2710, 2015
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Introduction

Currently, about 90% of energy is generated from fossil

fuels and only about 10% is produced from renewable energy

sources.1 The energy demand is continually increasing and the

research of alternative renewable sustainable energy sources is

no longer an option. Microalgae have a high potential for pro-

ducing biomass which in turn can be used for the production

of different third-generation biofuels at large scale.1

The commercial exploitation of microalgae for sustainable

biofuel faces several challenges due to low productivity, high

cost, and technical issues.2,3

The major limitation of a successful biofuel production

from photosynthetic organisms is the absence of effective

engineering strategies and a suitable operation approach for

microalgae-based biofuel production. In this context, continu-

ous processes may be suitable for large-scale cultivation of

microalgae for industrial applications because they are gener-

ally more productive, low cost, and easy to operate than batch

cultures.2

Understanding the biomass properties is essential for moni-

toring and controlling biotechnological processes, particularly

in continuous biological reactors. Generally, the control of

bioprocesses is restricted to some physical and chemical

parameters, such as pH value or temperature,4 and the biologi-

cal biomass has been considered as a “homogeneous catalyst.”

However, in a bioreactor, cells are not identical, but constitute

a heterogeneous population described by a distribution of cell

states: the state of a cell can be cell mass, size, age, and bio-

chemical composition.5–7 This heterogeneity may originate

from stochastic gene transcription, translation and regulation,

differences in progression through cell cycle phases, and by an

unequal cell division which implies a different lifetime for

each daughter cell.5,7,8

The heterogeneity of cell populations can be accounted for

through population balance modelling.9,10 In fact, population

balance equations (PBEs) were developed to mathematically

describe and predict the dynamics of populations of entities

(cells, but also particles, droplets, etc.). In population balance

modelling, one or more internal variables are selected to define

the state of the entities, which are characterized in terms of a

distribution function of the internal variables. The PBEs

describe the temporal and spatial evolution of such internal

variable distribution function.
In the case of cell populations, the internal variable used to

define the cell physiological state has been frequently the cell

mass7,9,11 but other internal variables, such as the cell age or

the cell volume, have been considered as well.9,10,12 The

advantages of using the population balance modeling over the

“homogeneous catalyst” approach include:
1. the cell growth rate dependence on the cell mass is

taken into account11,13;
2. a cell division model, dependent on the internal varia-

bles, can be included in the PBE, thus providing the

information required to monitor the variation in the cell

number density over time and/or space.
According to the current literature on biological heterotro-

phic processes, the existence of different spatial microenviron-

ments within a reactor may imply differential responses of

cells and this fact has been suggested as the main underlying
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cause for differences between cultivations performed in well-
mixed lab scale bioreactors and more poorly mixed large-scale

reactors6,14: for instance, in the case of heterotrophic cultures,
cells appear to be affected by the substrate concentration that
induces modifications of the cell metabolism and causes a

decrease in the overall reactor performance.15

Similarly, for photosynthetic organisms, light irradiance
plays a key role in photosynthesis and thereby strongly influ-

ences the growth and cell composition of photoautotrophic
microalgae.16 Under phototrophic conditions, the increasing
turbidity associated with the increase of microalgal concentra-

tion usually becomes a significant growth-limiting factor due
to the self-shading effect.2 Thus, the light distribution in a

photobioreactor (PBR) may result in different microenviron-
ments where light limitation, light saturation, or light inhibi-
tion can occur.17

Even though PBEs have been frequently used to model/

simulate the dynamics of cell populations, to the best of our
knowledge few contributions are available in literature on

the application of PBEs to photosynthetic organisms.11,12,18

In particular, Concas et al.11 proposed a PBE model, based
on the cell mass as internal variable, to simulate the growth

of microalgae in BIOCOIL PBRs, taking into account the
light intensity distribution within the reactor. They per-

formed transient simulations assuming an initial gaussian
cell mass distribution function, obtaining the trends of the
nutrient/oxygen concentrations, of the photosynthetically

active radiation (PAR) and of the cell mass distribution over
time and reactor length. The biomass concentration and aver-

age mass trends over time at the last section of the tube
were computed from the cell mass distribution. The latter
(average cell mass at the tube last section) showed an oscil-

latory behavior, the former (biomass concentration at the
tube last section) increased monotonically until the nutrients

were consumed and was the only quantity compared with
experimental data.19 Altimari et al.18 used a bivariate PBE
using mass and age as internal variables to simulate a PBR,

but no comparison with experimental data was provided. In
conclusion, even though the mentioned contributions demon-
strate the potential predictive capabilities of the PBEs

applied to PBRs, a convincing validation of such models
through a detailed comparison with experimental data has

not been carried out thus far.
In this work, a thorough validation of a PBE model account-

ing for the cell growth and cell division of a microalgal culture
in PBRs is carried out by comparing the simulation results

with experimental data of cell number density, wet weight,
cell average mass size, and cell mass distributions measured

both in a batch and in a continuous PBRs. The mathematical
model, based on cell mass as internal variable, takes into
account the effects of the light intensity distribution and of the

substrate concentrations within the PBRs and was numerically
solved through the FCMOM technique.20

The microalgae Scenedesmus obliquus, an organism of

widely recognized biotechnological interest and a potential
candidate for biodiesel production1,21,22 was used in the exper-
imental measurements. Additionally, values of the parameters

(mean and standard deviation) of the distribution of division
mass, required to evaluate the cell division terms in the PBE,

were identified from the experimental data fit. Thus, differ-
ently than previous contributions11 in which reasonable/typical
values were used, in this work values of such parameters spe-

cific of photosynthetic microalgae are provided.

Materials and Methods

Species and growth medium

The microalgal species Scenedesmus obliquus 276-7 (from

SAG-Goettingen) was cultured in BG11 medium, buffered

with 10 mM HEPES pH 8, to avoid acidification due to CO2

bubbling. The medium was sterilized in an autoclave for 20

min at 1218C to prevent any contamination, as well as all the

reactor and materials. All nutrients were provided in nonlimit-

ing concentration, in the case of continuous experiments, with

particular attention to macronutrients: the P and N content of

the medium were optimized to avoid nutrient limitation in

continuous experiments, with a concentration of 3 g L21 and

0.56 g L21 of NaNO3 and K2HPO4, respectively.

Equipment and experimental procedures

Growth experiments were performed both in batch and con-

tinuous conditions, in vertical flat-plate polycarbonate PBRs

(a detailed schematic of the experimental set up is presented in

Figure 1), with a thickness of 12 mm. The working reacting

volumes of the batch and continuous panels are 150 mL and

400 mL, respectively. In both cases, the mixing in the culture

is ensured by a CO2–air (5% v/v) flow at the reactor bottom

(1 L h21 of total gas flow rate for each panel), that also pro-

vided a nonlimiting CO2 supply. In the case of continuous

reactor, an additional magnetic stirring was added. This sys-

tem can be approximated to a Continuous Stirred Tank Reac-

tor (CSTR), as demonstrated by tracer experiments.23

Batch experiments were carried out by inoculating the bio-

mass at optical density (OD750) of 0.1 as initial value, meas-

ured by a spectrophotometer UV-Visible (UV 500, Spectronic

Unicam, UK). In the continuous system, the reactor was

started first in batch mode to reach a higher concentration

(about 108 cell mL21) and to prevent the occurring of wash-

out. Subsequently, the operation was switched to continuous,

by feeding the medium with a peristaltic pump (Sci-Q 400,

Watson Marlow, USA) from a tank, continuously mixed with

a magnetic stirrer and maintained at the same temperature of

the reactor. The liquid level in the reactor was controlled with

an overflow tube, and the outlet flow rate was collected in a

bottle. Thus, the residence time in the reactor was directly con-

trolled by the peristaltic pump. Several flow rates were used,

Figure 1. Schematic of the continuous flat panel
reactor.
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leading to different residence times. Transient conditions were
observed after each change, then steady-state operation was
reached and maintained at least for 4–7 days. Light was pro-
vided by a LED lamp (Photon System Instruments, SN-SL
3500-22). Two batch experiments were carried out, under con-
stant light intensities of 150 e 350 lmol of photons m22 s21.
In the continuous experiment microalgal growth was studied
under 150 lmol m22 s21 and different residence times. Photon
Flux Density was measured on both the reactor front panel and
on the back of the rear one using a photoradiometer (HD
2102.1 from Delta OHM), which quantifies the PAR.

Growth analysis

The biomass concentration of batch experiments was moni-
tored daily by spectrophotometric analysis of the OD, corre-
lated to cell number density, measured with a B€urker
Counting Chamber (HBG, Germany) as detailed by Gris
et al.21 The concentration of biomass was also gravimetrically
measured every day as dry weight (DW) in terms of g L21 in
cells harvested with a 0.22 lm filter, and then dried for 4 h at
808C in a laboratory oven. In continuous experiments, cell
concentration and DW were monitored daily and the steady-
state concentrations were averaged over three to five experi-
mental points.

Cell size distributions were measured by the Cellometer
Auto X4 (Nexcelon Bioscience), a PC-based automated
cell counter. This instrument utilizes bright field imaging, fluo-
rescent imaging, and pattern-recognition software to provide
cell count in terms of number, concentration, size, and viabil-
ity of cells.

A single cell density of 1.2 g mL21 was considered for S.
obliquus as an averaged value of weight measures under dif-
ferent growth conditions. A spherical shape of cells was
assumed, by considering that S. obliquus do not grow as coe-
nobia in our experimental conditions, that is, where an excess
of CO2 is provided to the culture. This was confirmed both
qualitatively (by optical microscope observation) and quantita-
tively (by counts at the cellometer).

Basing on single cell density and cell size measured by the
cellometer, it is possible to derive the cell mass distribution.
From cell mass distribution, the averaged mass of a single cell
and the concentration of wet biomass or wet weight in g L21

can be easily calculated. The wet biomass concentration corre-
sponds to the cell weight, including the intracellular water
content, also considering the residual moisture content of 8%
that remains in the DW.24 Accordingly, the water content of
the whole biomass resulted about 80%, which is in agreement
with literature data.25–27

Mathematical Modeling and Numerical Approach

The governing equations used to model the microalga
growth in the batch and continuous PBRs are based on the fol-
lowing assumptions:

1. the PBRs are operated in isothermal conditions and are
well-mixed, therefore the only “external” coordinate10

is time, t.
2. Two phases are included in the model, namely the solid

pellet, described by a heterogeneous microalga popula-
tion, and the liquid phase, where nutrients are dissolved.
Instead, the gas phase is neglected in the present model.

3. The effect of the nutrient concentration on the cell
growth is neglected in the continuous reactor. In fact,
an excess of micro and macro nutrients (specifically N-

NO3 and P-PO4) is fed in this case, therefore, they are
not limiting nutrients (as detailed in Section Materials
and Methods).

4. The reactor liquid level can be assumed constant and
no cells are fed into the photobioreactors (Section
Materials and Methods).

5. Cell division is assumed to be binary.
6. Cell death is assumed to be negligible, as resulting from

experimental observations obtained with the cellometer,
namely the fraction of living cells, provided by the cell-
ometer for fresh samples, is always higher than 90%.

The governing equations, based on the above assumptions,

used to simulate the microalga growth can be divided in:
1. the population balance model required to simulate the

cell population dynamics;
2. the mass balances of the limiting nutrients (for the

batch PBR);
3. an equation providing the light intensity distribution

within the PBRs.

Population balance model

The internal variable used to define the physiological state of

the microalgae is the mass m and the cell mass distribution func-
tion is denoted by W(t,m). It is assumed that the mass domain is
bounded between zero and a maximum mass mmax

20,28; in this

work such maximum value is kept constant with respect to time.
The PBE governing the temporal evolution of the cell mass dis-
tribution is then formulated as follows20,28,29

@Wðt;mÞ
@t

1
@rðt;mÞWðt;mÞ

@m

¼ 2

ðmmax

m

pðm;m0ÞCðt;m0ÞWðt;m0Þdm02Cðt;mÞWðt;mÞ2DðtÞWðt;mÞ

(1)

In Eq. 1, on the left-hand side there are the accumulation
term and the contribution due to the cell growth; r(t,m) is the

single-cell growth rate. On the right-hand side, there are the
terms of cell birth and death due to binary division and the
washout term (at the continuous reactor outlet); C is the divi-

sion intensity, p is the partition probability density function,
and D is the dilution rate, assumed to be equal to the volumet-
ric flow rate divided by the culture volume.29

The single-cell growth rate r(t,m) is expressed through the
following expression (linear with respect to the cell mass),
accounting both for effect of the light and of the nutrients

rðt;mÞ ¼ kmax

CPðtÞ
kmP1CPðtÞ

CNðtÞ
kmN1CNðtÞ

1

H

ðH

0

Idirðt; hÞ
kmI1Idirðt; hÞ

dh

2
4

3
52kp

8<
:

9=
;m

(2)

In Eq. 2, kmax is the maximum specific cell growth rate, kp

is the catabolic growth rate, kmP and kmN are the half saturation
constants for the nutrients (K2HPO4 and NaNO3, respectively),

kmI is the light half-saturation constant, CP and CN are the
mass concentrations of the nutrients (K2HPO4 and NaNO3

respectively), Idir is the direct contribution to the PAR in the

culture varying along the reactor depth h,30,31 and H is the
reactor thickness. The contributions of the nutrients are equal
to unity and are neglected for the continuous reactor, which is

fed by an excess of nutrients.
The maximum specific cell growth rate is computed as

kmax ¼ qmkmIUEa, qm being the maximum energy yield for
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photon dissipation in the antenna, U being the mean spatial
quantum yield for the Z-scheme of photosynthesis, and Ea

being the absorption mass coefficient. The division intensity is
modeled according to Eakman et al.7

Cðm; tÞ ¼ 2rðt;mÞexp 2 m2mc
eð Þ2

� �
e
ffiffiffi
p
p

12erf m2mc

e

� �� � (3)

In Eq. 3, mc and effiffi
2
p are, respectively, the mean and the

standard deviation of the distribution of division mass.
The partition probability density function describes how

mass is distributed between daughter cells at division and is
expressed through the following equation29

pðm;m0Þ ¼ 30
m2ðm02mÞ2

m05
(4)

Mass balance of nutrients

The mass balances of the nutrients are used for the batch
reactor simulations. They account for the accumulation and
consumption terms, according to the following equation29

dCjðtÞ
dt
¼ 2

ðmmax

0

rðt;mÞWðt;mÞ
yj

dm (5)

In Eq. 5, the index j refers to the nutrient considered (P-PO4

and N-NO3) and yj are the nutrient yields (rate of biomass for-
mation over rate of nutrient consumption).

PAR spatial distribution

Pruvost et al. (2011) provided an expression to compute the
spatial (along the reactor depth) distribution of the direct (col-
limated) contribution to the PAR31

Idirðt; hÞ ¼

Idirðt; 0Þ
2

cos#

ð11aÞexp 2ddir tð Þðh2HÞ½ �2ð12aÞexp ddir tð Þðh2HÞ½ �
ð11aÞ2exp ddir tð ÞH½ �2ð12aÞ2exp 2ddir tð ÞH½ �

(6)

According to Pruvost et al.,30 in Eq. 6 the two-flux direct
extinction coefficient is given by

ddirðtÞ ¼
aCXðtÞðEa12bEsÞ

cos#
(7)

and the linear scattering modulus is given by

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ea

Ea12bEs

r
(8)

In the previous equations, Ea and Es are the absorption and
backscattering mass coefficients, b is the backscattered frac-
tion, CX is the dry biomass concentration, and # is the incident
angle with respect to the perpendicular to the reactor surface.

Numerical approach

The PBE (1) was solved through the FCMOM technique.20

According to such technique, after recasting the mass domain
into the domain [21,1] using the transformation

m ¼ 2
m

mmax

21 (9)

a dimensionless cell mass distribution is defined as
W0 t;mð Þ ¼ W t;mð Þ

Wsc
, Wsc being an arbitrary scale factor (in the

simulations discussed in Section Results and Discussion, the

peak value of the initial cell mass distribution is used as scale
factor). The dimensionless moments are defined and computed
by the following equation

li ¼
ð1

21

W0 mð Þidm (10)

The dimensionless cell mass distribution is computed by a
truncated series expansion

W0 t;mð Þ ¼
XM21

n¼0

cn tð Þ/n mð Þ (11)

In the previous equation, the series expansion is truncated
after M terms, /n mð Þ are the orthonormal functions associated
to the Legendre polynomials, and the series coefficients are
related to the dimensionless moments through the following
equation

cn ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2n11

2

r
1

2n

Xn

m¼0

21ð Þn2m 2mð Þ!
2m2nð Þ!½ �

1

n2mð Þ!½ � mð Þ!½ �

� �
l2m2n

(12)

where the terms with negative moments are to be omitted.
Therefore, the cell mass distribution is completely determined
by the dimensionless moments.

The dimensionless moments governing equations provide
the evolution of the moments over time.20 The following
dimensionless moments governing equations are obtained
from the PBE (1)

@li tð Þ
@t

1
2

mmax

	
rðt;m ¼ mmaxÞW0 ðt;m ¼ 1Þ

2i

ð1

21

rðt;mÞW0 ðt;mÞ mð Þi21dm



¼

¼ 2

Wsc

ð1

21

mð Þi
	 ðmmax

m

pðm;m0ÞCðt;m0ÞWðt;m0Þdm0



dm

2

ð1

21

Cðt;mÞW0 ðt;mÞ mð Þidm2DðtÞli tð Þ

(13)

Equation 13 is obtained enforcing the conditions that the
minimum mass (equal to zero) and maximum mass do not
change with time and that the “cell flux” at the minimum
mass is zero (namely, r(t,m50)W(t,m50)50). Equation 13
is solved using Eq. 9, which provides the correspondence
between cell mass and dimensionless cell mass (particularly,
at the maximum cell mass the corresponding dimensionless
value is 1). On the left-hand side, there are the moment
accumulation rate and the contributions from the cell
growth. On the right-hand side, there are the terms of birth/
death of cells due to cell division and the washout term (at
the continuous reactor outlet).

In the batch reactor simulations, initial conditions for the
nutrient mass concentrations and for the dimensionless
moments are required to solve the ordinary differential Eqs. 5
and 13. The initial nutrient mass concentrations are reported in
Section Materials and Methods, and the initial conditions for
the moments are computed from the initial experimental cell
mass distribution using Eq. 10.

In the continuous reactor simulations, a method of false
transients was used to obtain the stationary state solutions
for a given value of the dilution rate D, that is, the residence
time.
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The cell number density N and the wet biomass concentra-
tion CB are computed from the zeroth and first dimensionless
moments through the following equations

N ¼ mmax

2
Wscl0 (14)

CB ¼
mmax

2

� �2

Wsc l11l0ð Þ (15)

According to the experimental observations reported in Sec-
tion Materials and Methods, the dry biomass concentration is

computed from the wet biomass concentration using

CX ¼ 0:22CB.

Results and Discussion

Continuous reactor experiments

Continuous reactor experiments were carried out in a flat

panel, as reported in Section Materials and Methods, under a
constant irradiation, and varying the inlet stream flow-rate, to

investigate the effect of the residence time s, equal to the inverse

of the dilution rate D, on the cell growth. A transient stage of
about 7 days was observed for each value of residence time

selected before reaching the steady-state condition. This was

verified by measuring a constant biomass concentration for at
least 3–5 days. For each steady-state run (namely for each resi-

dence time) the N and P consumption were monitored, to check

that the concentrations of such nutrients were nonlimiting, by

measuring the N and P concentrations in the outlet stream. In
Figure 2, the experimental measurements of the wet biomass

concentration (in terms of g L21) and of the cell number density

are plotted as a function of the residence time. As already
reported by other authors,32–34 both the biomass concentration

and the cell number density increase when the residence time is

increased. On the other hand, a maximum in productivity was

found as a function of the residence time (Figure 2C), due to the
higher self-shading of cells at higher residence times, which

causes a decreasing productivity.34 On the opposite, at low resi-

dence times, the biomass productivity drops because the reactor
operates close to the washout value.32,34

The PBE model was solved for each value of the residence

time and the obtained simulation results are shown in Figure 2

as well. The values used in the numerical simulations for the

parameters required to compute the single-cell growth rate r(t,m)
are reported in Table 1. The parameters qm, U, kp are derived by

Pruvost et al.,30 while the values of the parameters Ea, bEs, and

kmI specific for Scenedesmus obliquus were obtained by Sforza
et al.31 The parameters of nutrient consumption kinetics were

not considered in the continuous reactor simulations, due to the

excess of N and P provided to the culture. In all the numerical
simulations of the continuous reactor, e (parameter related to the

standard deviation of the distribution of division mass) was

assumed equal to 70 pg, while mc (average of the distribution of

division mass) was varied for each s in order to fit the experi-
mental data of wet biomass concentration and of cell number

density. To the best of our knowledge, a comparison between

experimental data of wet biomass concentration and cell number
density as functions of s and the corresponding simulation

results obtained through a PBE model was never performed for

a continuous PBR. Figure 2 shows that, by tuning mc, a nice
agreement between experimental data and simulation results

was obtained, both for the wet biomass concentration and for the

cell number density. The trend of the wet biomass productivity

vs. residence time is captured as well by the simulations results
(Figure 2C), both at low and high residence times, reproducing

also the maximum in productivity.
Additionally, it was found that a linear relationship holds

between the values of mc (obtained to fit the experimental
data) and the computed average cell mass hmi, at each resi-

dence time. Such relationship was fitted through a straight

line, namely

mc ¼ 29:4011:57hmi (16)

which is plotted in Figure 3.

Figure 2. Cell number (A), wet biomass concentration
(B) and productivity (C) for S. obliquus as a
function of residence time.

Squares and dots represent the experimental data, while

continuous lines are the output of the PBE model.
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It was also obtained from the simulation results that the

average cell mass increases monotonically with the residence

time. This is confirmed also by data reported in Sforza et al.34

about the average cell mass in continuous PBR, which shows

a decreasing trend when the specific growth rate increases,

namely when the residence time decreases.

Batch reactor experiments

In the case of batch reactor, the simulated data were com-

pared with the experimental ones, under two irradiation values

of 150 and 350 lmol m22 s21, obtained by measuring daily
the cell concentration, the DW and the cell mass distribution.

An optimal value of light intensity for this species is 150 lmol

m22 s21, at which the specific maximum growth rate can be
achieved, as already observed by Gris et al.21 In fact, as shown

in Figure 4, no lag phase was detected and the cell culture

grew with an initial exponential phase of about 4–5 days, sug-
gesting that cells are well adapted to this optimum light condi-

tion. Afterward, a stationary phase was reached, where no

increase of biomass was observed. In batch microbial growth
curves, the establishment of a stationary phase is a common

behavior, usually due to the gradual depletion of some nutri-

ent, which is consumed by the growing biomass. In the case of

photosynthetic organisms, a stationary phase can also be
reached by a light limitation that can occur under high cell

concentration, resulting in an increased self-shading effect.
This batch experiment was simulated by applying the

parameter values reported in Table 1, which are the same as
for the continuous reactor. In this case, however, the kinetics

of nutrient uptake is taken into account, because macronu-
trients, even though are provided in excess at the beginning of
the experiment (and therefore have no effect on the growth
kinetics at the beginning of the experiment) are consumed
over time as a result of the biomass growth and become factors
limiting the cell growth during the batch experiment. The val-
ues of the parameters kmP, kmN, 1/yP, and 1/yN were calculated
from the nutrient consumption and biomass productivity meas-
ured in the experimental part of this work, and were found in
good agreement with data retrieved from literature.35 In

Table 1. Values of Parameters used in the PBE Model, in the Case of Continuous and Batch Simulations, Derived and

Adapted from Literature, as Reported in Section Results and Discussion.

Continuous 150 Batch 150 Batch 350

qm 0.8 0.8 0.8
U 2.77�1029 kg lmol21 2.77�1029 kg lmol21 2.77�1029 kg lmol21

Ea 170 m2 kg21 170 m2 kg21 150 m2 kg21

bEs 40 m2 kg21 40 m2 kg21 9 m2 kg21

kp 0.1 d21 0.1 d21 0.24 d21

kmI 75 lmol m22 s21 75 lmol m22 s21 75 lmol m22 s21

kmP – 0.27 mgP L21 0.27 mgP L21

1/yP – 3.74�1024 mgP mgbiomass
21 2.67�1024 mgP mgbiomass

21

kmN – 12.1 mgN L21 12.1 mgN L21

1/yN – 0.016 mgN mgbiomass
21 0.0115 mgN mgbiomass

21

Figure 3. Linear correlation between the mc parameter
value and the average mass of the culture.

Figure 4. Cell (A) and wet biomass (B) concentrations
for S. obliquus in batch experiment carried
out under 150 lmol of photons m22 s21.

Squares represent the experimental data, while continu-

ous lines are the results of the PBE model.
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addition, the parameter mc was computed as a function of the
average cell mass through the linear relationship developed
for the continuous reactor (Eq. 16). Instead, the only parameter
which has a different value in the batch reactor simulations
(with respect to the corresponding value in the continuous
reactor simulations) is e (parameter related to the standard
deviation of the distribution of division mass): a constant
value of 120 pg was selected for e, in order to fit the experi-
mental data of cell number density and of wet weight vs. time.
The simulation results show that the PBE model used is capa-
ble to represent with a satisfactory approximation the experi-
mental data of both cell number density and wet weight, not
only under stationary conditions but also in a dynamic batch
reactor (Figure 4B).

A nice agreement between the experimental and calculated
cell mass distribution was obtained as well, as reported in
Figure 5A for the seventh day of growth. It is noticeable the
significant change of the cell mass distribution between the
first day and the seventh day. Thus, by applying this model
the trend of the cell mass distribution over time is predicted
for each day of the culture (Figure 5B). To the best of our
knowledge, such capability to represent accurately the exper-
imental data of cell number density and of cell mass distribu-

tion over time in PBRs was not obtained in previous

contributions available in literature. In fact, similar models11

were validated only using data of biomass concentration

(g L21), but not compared with data of cell number density

and of cell mass distributions.
Numerical simulations were also performed for the batch

PBR with a higher irradiance, namely at 350 lmol m22 s21,

and compared with experimental results. This irradiation value

is over the photosaturation point for S. obliquus,21 where pho-

toinhibition phenomena occur and cells are stressed. Accord-

ingly, to simulate these conditions through the PBE model,

some of the model parameters were modified, as reported in

Table 1, to account for the effect of higher irradiation. Specifi-

cally, the values of Ea and bEs were chosen according to Ber-

tucco et al.,23 and kp was modified according to Sforza et al.34

who observed an increased maintenance energy requirement

under high irradiances.
In the case at 350 lmol m22 s21, a relationship between

mc and the average cell mass hmi was not available, because

the required continuous reactor experiments were performed

only at 150 lmol m22 s21. Therefore, constant values of mc

equal to 300 pg and e equal to 200 pg were used in the sim-

ulations at 350 lmol m22 s21 to fit the experimental data of

Figure 5. In Figure 5A experimental cell mass distribu-
tion of the first (dots) and seventh (squares)
day of growth of S. obliquus in batch experi-
ment carried out under 150 lmol of photons
m22 s21, compared with the simulated ones
(solid lines) are reported.

Figure 5B shows the simulated distribution of cell mass

up to the eighth day.

Figure 6. Cell (A) and wet biomass (B) concentrations
for S. obliquus in batch experiment carried
out under 350 lmol of photons m22 s21.

Squares represent the experimental data, while solid

lines are the results of the PBE model.

2708 DOI 10.1002/aic Published on behalf of the AIChE September 2015 Vol. 61, No. 9 AIChE Journal



wet biomass concentration and cell number density over
time. Again, the simulation results show that the proposed
PBE model is capable to reproduce satisfactorily the batch
experimental data of cell number density and of wet weight
(Figures 6A and B), by accounting also for the effect of dif-
ferent light intensities.

On the other hand, the cell mass distribution, shown in Fig-
ure 7, reproduces less accurately the experimental data at 350
lmol m22 s21 with respect to the case at 150 lmol m22 s21,
probably due to the effect of the high irradiance and the com-
plexity of the physiological acclimation of photosynthetic
organisms under changing environmental conditions. In fact,
in the batch experiments performed in this work, the preinocu-
lum was cultivated under low irradiances (about 100 lmol
m22 s21) and, consequently, cells are initially adapted to this
operative condition. By exposing the inoculum at higher irra-
diances, at the beginning of the batch experiment cells are
forced to adapt to the new culture condition, and this may
strongly influence the trend of the growth curve, affecting also
the cell mass distribution. In few days, cells acclimate to high
irradiances by increasing their mass. This physiological accli-
mation is not accounted for in the PBE model, but the experi-
mental data are still reasonably reproduced using mc equal to
300 pg and e equal to 200 pg, suggesting that a relation

between light intensity and division mass/cell mass might

exist, as qualitatively observed in Gris et al.21

However, even though the model can be improved to

account for the effect of photosaturating and inhibiting inten-

sities, the possibility to integrate the PBE approach with the

information on the light availability in a PBR is promising,

because light is the main factor affecting the productivity of

an algal culture. In fact, by taking into account the light

attenuation profile along the depth of the photobioreactor

(Eq. 6) according to the model proposed by Pruvost et al.,30

the mathematical model used in this work is capable to simu-

late both the effect of light intensity on the cell growth rate

and the effect of the increasing biomass concentration (com-

puted from the dimensionless moments at each time) on the

light spatial distribution within the PBR. The PAR (Idir) pro-

files along the reactor depth are shown in Figure 8 for both

irradiances and are varying each day as a function of the bio-

mass concentration.

Conclusions

In this work, the growth of S. obliquus was both experimen-

tally investigated and modeled by a PBE, accounting for the

light radiation effect on cell growth, and for the spatial light

distribution. A nice agreement between the experimental data

and the simulation results was obtained, in both batch and con-

tinuous reactors, under different light intensities. The PBE

model, which was thoroughly validated with the experimental

results, is capable to reproduce not only the wet biomass con-

centration but also the cell number density and the cell mass

distribution data. Two parameters of the distribution of divi-

sion mass (mc and e) were tuned to fit the experimental data of

the continuous experiments at different residence times. In

particular, mc was found to be a function of the residence time,

and a relationship between mc and the average cell mass was

proposed, which was shown to be effective also when simulat-

ing batch experiments carried out under the same light

intensity.

Figure 7. In Figure 7A experimental cell mass distribu-
tion of the first (dots) and seventh (squares)
day of growth of S. obliquus in batch experi-
ment carried out under 350 lmol of photons
m22 s21, compared with the simulated ones
(solid lines) are reported.

Figure 7B shows the simulated distribution of cell mass

up to eighth day.

Figure 8. Light intensity profiles along the depth of
the batch reactor for each day of growth
(indicated by the arrows), for both 150 (solid
lines) and 350 (dashed) lmol of photons
m22 s21.
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